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Abstract 

We construct a deformed SO/Sp Penner generating function responsible for the close connection 
between SO/Sp Chern-Simons gauge theories at large N and the SO/Sp Penner models. This 
construction is then shown to follow from a sector of a Chern-Simons gauge theory with coupling 
constant A. The free energy and its continuum limit of the perturbative Chern-Simons gauge 
theory are obtained from the Penner model. Finally, asymptotic expansions for the logarithm 
of the gauge group volumes are given for every genus g > and shown to be equivalent to the 
continuum limits of the SO/Sp Chern-Simons gauge theories and the SO/Sp Penner models. 
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1 Introduction 



The free energy of the Penner model [TJ [2] is the generating function of the orbifold Euler char- 
acteristic of the moduli space of Riemann surfaces of genus g, with n punctures. The SU(N) 
perturbative Chern-Simons free energy, based on the 1/N expansion introduced by 't Hooft [3], 
and the Penner free energy have a similar topological expansion. The perturbative Chern-Simons 
free energy [3] may be written as 

F= ]T C gih N 2 ~ 2 °\ 2 °- 2+h , (1) 
3 =0,7i=l 

where A is the 't Hooft coupling constant and h is the number of faces (boundaries) of the trian- 
gulated Riemann surfaces. In the Penner model h is identical to the number of punctures. The 
coefficient C 9t h was shown by Witten [5] to be identical to the partition function of the A-model 
topological open string theory of genus g with h boundaries on a six-dimensional target space 
T*S S . It has been shown by the first author [6] that the coefficient C 9t h are related to the orbifold 
Euler characteristic of the moduli space of Riemann surfaces of genus g with 2h punctures. For 
the perturbative SO(N) Chern-Simons gauge theory [7], the topological expansion when N is even 
has the form 

F= Yl C g , 2h (N-l) 2 - 29 X 29 ~ 2+2h + £ C^ h+1 {N-lf^\ 2 ^ 2 \ (2) 

s =0,7i=l g=Q,h=l 

where the first term corresponds to half of the topological expansion of the SU(N) Chern-Simons 
free energy, while the second term is nothing but the topological expansion of the non-orientable 
SO(N) Chern-Simons free energy. We will show that the coefficients C g ^h + i are related to the 
orbifold Euler characteristic of the non-orientable Riemann surfaces of genus g with 2h+l punctures 
[HJ[9]. Our goal in this work is to push further the connection between the SU(N) Chern-Simons 
and the Penner model observed by the first author [6], when the gauge group is SO(N)/Sp(N). It 
has been shown [6], that computations in the perturbative SU(N) Chern-Simons may be carried 
out using the Penner model. Here, we construct a deformed SO(N) Penner generating function and 
show that it gives rise to the perturbative SO(N) Chern-Simons gauge theory. Such a construction 
turns out to contain both the SO(N) Penner generating function |10|. I X 1 j . and a generating function 
for the non-orientable orbifold Euler characteristic with coupling constant t/2. A check for such 
a construction is given by computing the free energy of the perturbative SO(N) Chern-Simons 
theory on S s in terms of the string coupling constant g s and the Kahler parameter t, this will be 
given in section [3J We provide a proof for our construction based on a simple observation that 
the perturbative SO(N) Chern-Simons gauge theory splits into two sectors, one with coupling 
constant A and the other sector with coupling constant —A, this will be given in section HJ The 
perturbative free energy F (A, N) associated with coupling constant A is shown to generate the 
orbifold Euler characteristic of the moduli space of orientable and non-orientable Riemann surfaces 
of genus g with n punctures. Das and Gomez [12] reproduced the nonperturbative terms in the 
SU(N) Chern-Simons theory using the continuum limit of the perturbative SU(N) Chern-Simons 
theory. The nonperturbative terms are known to be related to the volume of the SU (N) gauge 
group [13], these terms also have been obtained using the Penner model [6]. In section [51 of 
this paper, the continuum limit for the perturbative SO(N) / Sp(N) Chern-Simons gauge theories 
are obtained and shown to be related to the asymptotic expansions of log(vol(S'0(2A^ + 1))) and 
log(vol(Sp(2N — 1))) respectively, given in section[6j The asymptotic expansions of log (vol (G)), for 
G = SO(2N+l), G = Sp(2N — 1) are derived explicitly for all genera g > 0, this is shown to follow 
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simply from the asymptotic expansions of the Barnes and the Gamma functions [131 114] . Also, 
the asymptotic expansion of log(vo\(SO(2N))) and log(vol(<5p(2iV))) were shown to reproduce 
the continuum limit of the SO(2N) / Sp(2N) Penner models derived in [11] . Finally, in the last 
section our work is summarized, and the relations between the gauge group volumes are deduced 
as well as the relation between log V °o\^sp(2N)) anc ^ * ne g enera ting function for the orbifold Euler 
characteristic associated with the non-orientable Riemann surfaces of genus g with n punctures. 



2 The SO(N)/Sp(N) Penner Models 

Here, we will briefly review the SO(N)/Sp(N) Penner models and its continuum limit studied 
in [11]. The free energy of the SO(N) / Sp(N) Penner models are the generating functions of the 
orbifold Euler characteristic of the moduli space of real algebraic curves [9] . The explicit expression 
for the topological expansion of the SO(N) / Sp(N) Penner free energy 

F So/Sp pg] in terms of the 

genus g and the punctures p is: 

F so/s P ^ N) j_ ^2 x °m a ,p)(2Nr(t) 2 ^- 2 

g>0,p>0 

2-2g-p<0 , N 

(3) 

T £ x NO (W a ,p){2N) P (t) 29+p -\ 

g>0,P>0 
l-2g-p<0 

where x (9Rg,p) and x NO {9Rg,p) are the orbifold Euler characteristic of the moduli space of complex 
and real algebraic curves respectively, given by: 

X (Wlg, P ) ~ ("I) ^ B 2g , 

^NO (m np l (2ff + p-2)!(2 2 ^ 1 -l) 

X W g , P ) - {-If- ^ B 2g , (4) 

where B 2g are the Bernoulli numbers. The first term in the SO{N) j 'Sp(N) Penner free energy 
pSo/Sp corresponds to the orientable surfaces contributions, and is equal to half of the free en- 
ergy of the ordinary Penner model with the size of the matrix doubled, while the second term 
corresponds to the non-orientable contributions. The partition function of SO{N) / 'Sp(N) Penner 
models Z(t,N) So / Sp = e ^(^) So/Sp , may be written as p]: 

Z(t,N) s °^=[(^0- ) N ll(l+pt)^ N ^} J] (5) 

^t' p=l p odd 

It is clear from this expression that Z(t, N) So / Sp is the product of two partition functions in which 
the first is ordinary Penner model (HE], given by the term between the square brackets, while the 
second is the partition function for the non-orientable contributions coming from SO(N) / Sp(N) 
Penner models [11] , By making the natural scaling limit t — > ^ in the free energy F s °/ s P(t,N), 
the continuum limit of the SO(N) / Sp(N) Penner models [11] may be obtained either using the 
Euler-Maclaurin formula or by summing over all punctures in the expression for the free energy 
given by equation (|3|). Then, one defines a new coupling constant p, = 2N(1 — t), such that fi is 
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kept fixed as JV -> oo, and t — > 1 (the double scaling limit). Having done so, the expression for 
the free energy in the continuum limit becomes 

w 4 ^ 6A*i- 4 /* 24 &a* 24/z 2 ^(2 9 _ 2 )2 fl A ^ (20-1) 

(6) 

where the coefficients of fi 2 2,9 and /j, 1 2,9 are the topological orbifold Euler characteristic without 
punctures x°(97T 9j o) an d X N0 (%Rg,o) respectively. It is interesting to note that the SO/Sp Penner 
models and the Penner model share the same critical point t = 1 [11]. 



3 Perturbative SO(N) Chern-Simons Theory From The Orthog- 
onal Penner Model 

In this section we propose a deformed SO(N) Penner generating function that gives rise to the 
perturbative SO(N) Chern-Simons gauge theory. This is motivated by the established connection 
between the ordinary Penner model and the SU(N) Chern-Simons gauge theory given by the first 
author [6]. However, this time our proposed generating function will contain both the SO(N) 
Penner model as well as a term that generates the non-orient able orbifold Euler characteristic 
with coupling constant |0. To that end, let us consider a combination of the orthogonal Penner 
models defined as follows: 

F(t, N) = F so {t, N) - 2F so ' Non { t -,N), (7) 

where F so / Non {^,N) corresponds to the generating function for the non-orientable orthogonal 
Penner model with coupling constant |. The above deformed orthogonal Penner model in the 
scaling t — > may be rewritten as 

= \ E x°m 9 , P )(2N) 2 - 29 (t) 29+ ^ 2 

g>0,p>0 
2-2g-p<0 

- X N °Wg, P )(2Ny- 29 (t) 29 +^ 

g>0,p>0 
l-2g-n<0 

+ 2 Yl X 7VO (^, P )(2iV) 1 - 29 (^) 29+ ^ 1 . (8) 

9>0,p>0 
l-2g-p<0 

Let us now consider a sum of two deformed orthogonal Penner models, one with coupling constant 
t, and the other with coupling constant —t, such that the topological expansion of the free energy 
in both cases is given by equation ([8]). If the coupling constant in the deformed orthogonal Penner 
model is set to be equal to A/27rn, where A is the Chern-Simons coupling constant and n is a 
positive integer, and let F(A, N) be the total free energy for the two deformed SO{N) Penner 

1 We set the size of the matrix equal to 2N for both the orthogonal and the symplectic Penner models, while in 
[7] the size of the matrix is set to be iV + a, where a = — 1 for the orthogonal case and a = — 1 for the symplectic 
case, where they become identical in the large N limit. 
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models summed over n, then by using equation ([8]) one has 

^ oo 

F(X,N) = 2 E ^X W aJ >)(2N) 2 -*(\/2*n)^ 2 (l + (-iy) 

g>0,p>0 n=l 
2-2g-p<0 

oo 

+ 2 E E^°(^)( 2 ^) 1 " 29 (V2^) 2 ^- i (^ T ^--)(i + (-ir i ).(9) 

3>0,p>0 n=l 
l-2g-p<0 

The first term on the right hand side of the above equation ([9]) , contributes to the total free energy 
only when p is even, while the second term contributes only when p is odd. Therefore, the total 
free energy F(A, N) becomes 



F(X,N) = Yl E^°(^2 P )(2iV) 2 - 29 (A/27rn) 2 ^- 



9>0,p>0 n=l 
l-g-p<0 

oo 

+ 4 E E^°(^ P+ i)(2iV) 1 -^(A/2vrn) 2 ^(^ T ^--). (10) 

9>0,p>0 n =l 
g+p>0 

This result may be compared with the work of Sinha and Vafa [7], in which the first and the 
second terms in equation (1101) are nothing but the orientable and the non-orientable surfaces 
contributions to the free energy of the SO(N) Chern-Simons gauge theory respectively. At the 
level of the partition function, the connection between the perturbative SO(N) Chern-Simons and 
the SO(N) Penner partition functions may be written as 

oo 

Z s c ° s {X) = \{z! {X)Z s d (-Xl (11) 

n=l 

where Z^°{X) stands for the partition function of the deformed SO(N) Penner model with coupling 
constant A, given by 

-2tto 2N 2N-1 , ,„ .1 



v ' ' p=l p odd v ' ' 

Now, using this partition function Z^°(X), and making the natural scaling A — > ^ then one can 
show that 2 ! 



oo 2N 



n=l p=l p odd V V ^ ' ; ; 

The first term between the square brackets corresponds to the partition function of the SU{N) 
Chern-Simons gauge theory, while, the second term may be identified with the non-orientable 



2 The term - ^"p^l/") may be expanded as in [151 1 10] - However this term will be canceled out upon 

multiplying Zf°(A) by Z|°(-A). 



4 



contribution to the partition function of the perturbative SO(N) Chern-Simons gauge theory. 
Explicitly, the g = 0, free energy reads 



oo oo All 

+ EEsTiisjWis)*!^,). 



Similarly for genus g > 1 one ha^l 

f(x,n) = y y ^^^^B 2g (2 N r^(^f^ 

l-S-p<0 

_ » _ (2 g + 2p - 1)!(2^ - 1) ,_ 2 A 2a+2 1 1, 

2 (2 5 )!(2p + l)! ^ 5 ^Vj ^ j [ 22g+2p 

n=l g>0,p>0 \ UJ \ r < ) 

g+p>0 



(14) 



(15) 



Therefore, using the deformed SO(N) Penner model described by equation ([7]), we succeeded in 
obtaining the perturbative SO(N) Chern-Simons theory given by equation (|10p . The latter was 
obtained originally using the large N expansion for the partition function of the Chern-Simons 
theory for SO(N) and Sp(N) gauge groups [7]. Now the computation in the Chern-Simons gauge 
theory may be carried out using the deformed orthogonal Penner model and this will be done in 
the next subsections. 



3.1 SO(N) Chern-Simons Gauge Theory At Large N From The SO(N) Penner 
Model 

In this section we are going to use the deformed orthogonal Penner generating function to compute 
the worldsheet RP2 contribution, as well as the higher genus contribution to the sum over all 
punctures of the free energy of the SO(N) Chern-Simons gauge theory [7j. This serves as a mere 
check of our proposal. As the deformed SO(N) Penner model contains half of the ordinary Penner 
model [TT], and the fact that the SO(N) Chern-Simons theory already contains half the SU(N) 
Chern-Simons theory [7j. Then, we will concentrate only on the non-orientable contributions, since 
computations for the orientable contributions may be found in [6]. 

3.1.1 The Genus g = Computation 

The non-orientable contribution for the free energy from equation ([8]), when g = reads 
3 To see this we make the following shift p — > p — 1 in equation (|10[l . 
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in obtaining the above equation, we have used the expression for x (3Jto )P ) given by equation 
([4]). The sum over boundaries (punctures) may be carried out using the identity 



E r^Hr 1 = fi - (^) Mi + 1) 



p=2 



Pip - !) 



therefore, the genus zero contribution becomes 

T NO it, N) = ^ [1 - (1 + 4/2) log(l + t/2) + 1(1 + t) log(l + t) 



(17) 



(18) 



Using the established relation between the perturbative SO(N) Chern-Simons and the deformed 
SOiN) Penner model summarized by equation ([9|), the sum over boundaries for the total free 
energy F^°(A,iV), is 



*°(A, N) = ^ V + 27rn(l - A/4vrn) log(l - A/4™) - ^(1 - A/2vrn) log(l - A/2vrn) 



n=l 



7rn 



-2vrn(l + A/4vrn) log(l + A/4vrn) + — (1 + A/2vrn) log(l + A/2vrn)J , (19) 



or in a more compact form 



2N 



= X E [^ + 27m(l-A/47m)log(l-A/4 

n£Z,n^0 



7rn 



1 - A/2vrn) log(l - A/2vrn) 



(20) 



The free energy may be written in terms of the worldsheet instanons exp(— t) as in [7], to do so 
we let Fj^°(A, N) = (^)F^°(A) then differentiate F^°(A) with respect to A, to give 



dX 



( A )= E [llog(l-A/27rn)-ilog(l-A/47rn) 



neZ,n^0 



The sum in the above equation may be carried out using the following identity @ 



E l0 S(l-A/2 

neZ.n^O 



iX 



7m 



+ log(l - e 



to obtain 



1 , 1 + e~ iX / 2 1 



log A 



in 1 



ITT 



iX/2 1 4 



+ - log A + — - - log 2 



(21) 



(22) 



(23) 



From the identity 



lo g " ^7Y7^ = 2 E 



e -in\/2 



1 _ e -iA/2 



n odd 



the differentiated free energy j^F$°(X), reads 



2 n 

n odd 



This identity is obtained from the product formula 



— nr=i(i ~ 7p 



(24) 



(25) 



C 



Now integrating J,F^°(£) with respect to £ from to A, and using the substitution A = —it, where 
t is now is the Kahler parameter and replace by where g s is the string coupling constant, 
then the total free energy F^ r °(t, N), reads 

i p -nt/2 

F$°(t,N) = ~ Yl (26) 

n odd 

this expression is in complete agreement with that obtained by Sinha and Vafa [7], using compu- 
tations in the perturbative SO(N) Chern-Simons theory. 



3.1.2 Higher Genus Computations 



By following the same procedure used for the g = 0, the higher genus contributions to the free 
energy of SO(N) Chern-Simons theory in terms of the worldsheet instantons may be obtained using 
the deformed SO(N) Penner model. From equation ([8]), the non-orientable surfaces contributions 
to the deformed SO(N) Penner model is 

r»°(t,N) = £ (-l / 2g+P :y = l) B 2g (2Nf^(\f^ 

g>l,p>0 ^ 9 '' P ' 
l-2g-p<0 

~ \ £ + ? 7 2 2 q ) v?' 1 = l) B 2g {2Nr^{tf^~\ (27) 

9>1,P>0 ^ 9) - P- 
l-2g-p<0 

From the identity 

^(1 + t)i-2* = (-l)P (2g+y ~ 2)! (l + t) 1 - 2 ^, (28) 

dtP y ' y ' {2g-2)\ y 1 ' v ; 

together with Maclaurin series expansion of the function (1 + i) 1-29 , the summation over punctures 
in equation ([27]) reads 



9>1 



\2g-l _ 2(1)29-1 , 2N(l + t) vl- 2fl , 2jV(l+t/2) vl-2 g 

V 1 t J 1 i/2 J 



(29) 



Again using the established relation between the perturbative SO(N) Chern-Simons and the de- 
formed SO(N) Penner model, the sum over boundaries for the total free energy is 



F NO (\,N) = £ 



2 2 9 - 



1 



A 



^4<7(2 5 -l)" 25V 2AT 

g>l av 3 ; nGZ 



2( 



1 



1 



47rn + A ' 



k 27rn + A 



29-1 



(30) 



The expression for the total free energy F NO (X, N) given by the above relation may be rewritten 
using the following relational 

d 29 - 1 , (2g-2)! 
dA 2 9 -l "W + 2vrn j (2vrn + A) 2 *" 1 ' 



5 Note that the terms that are not written in the approximation 5^™ez log(l+ 2^7) — log(l — e lA ) would disappear 
upon differentiation (2g — 1) times. 
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^ l0g(1 + 2^ ) - l0g(1 - e " lA) 

nSZ 



together with the identity given by equation (124j) . as follows 

929-1 1 \ r/ 2 !7-l 00 p -inX/2 

^^-E^^^^E^- m 

g>l v a/ p odd 

Carrying out the differentiation, we obtain 

r \ 1 00 

F^(A,iV)^^^(A)2 g -l (l _ 1 )(i) 2 9 -l £ n 2 9 -2 e - mV2 . (32) 
g>l ^ p odd 

In terms of the string variable g s , and Kahler parameter t, the above expression becomes 



M S E M!^^ 1 " 2^T) E ^" 2 ^ /2 - (33) 



vys, <v — 

g>l v c " p odd 



Equivalently, this may be rewritten in terms of the orbifold Euler characteristic without punctures 
X NO {yytg,o), associated with moduli space of non-orientable surfaces as 

NO /cm \ 00 

F N %s,t) = £ T^T ^" 1 E i^) 29 - 2 e- nt/2 - (34) 
s>i v 5 p odd 

As it is clear from this expression there are no constant maps - those maps for which the whole 
Riemann surface of genus g is mapped to a point. This can be understood from the deformed 
SO(N) Penner free energy given by equation f)29f) . Now, the coefficient of the first and the second 
terms will disappear when constructing the perturbative Chern-Simons free energy, since both of 
these terms are odd in t. This is unlike the SU(N) case where the term related to the the constant 
maps is even in t [6], and when constructing the perturpative SU(N) Chern-Simons free energy 
their coefficient is identified with the Hodge integral. Now going back to equation (|33p . and taking 
into account contributions from g = and using the following identity |16j 

K 2 ^ 
9 

Then the full free energy takes the form 

-nt/2 

F"%„^-E 2nsinh(nW2) - (35) 

p odd V ys/ ; 

This is in a complete agreement with |17| (see equation (3.2)). The restriction on the sum over n 
may be lifted to give 

F (g s ,t) = _ 2[E 2n^xMngj2) ~ 2nsinh(ng s /2) \ ' ^ 

Now, we may extend our work to include the Sp(N) case as well. To do so, we note that the 
SO(N)/ SP(N) free energies of the Penner models differ by a minus sign in front of the non- 
orientable part contribution this is the duality between SO(N)/Sp(N) Penner models |loffi Also 



1 2 > j^(2g)\ K >\ 2 



'More precisely F bu (t, N) = F bp (-t, -N) 
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this duality is present in the SO(N)/Sp(N) perturbative Chern-Simons gauge theories. Therefore, 
it follows that defining a deformed Sp(N) Penner model as in equation ([7]) will give rise to the 
perturbative Sp(N) Chern-Simons. Hence, 



-nt/2 



-nt/2 



(37) 



. ^—f 2n smh{ng s /2) 2nsinh(n<7 s /2). 
this is exactly equivalent to set t equals to t + 2iri in equation (|36|) as noted in [7J, that is, 

F™(g s ,t)=F%8(9s,t + 2m). (38) 



4 From The Perturbative SO(N) Chern-Simons Gauge Theory To 
The SO(N) Penner Model 



In section [31 we obtained the perturbative SO(N)/Sp(N) Chern-Simons gauge theories using the 
SO(N)/Sp(N) Penner models by construction. Here, we will see that the former generates the 
orbifold Euler characteristic of the moduli space of orientable and non-orientable Riemann surfaces 
of genus g with n punctures, this in turns proves our construction. Therefore the Penner model 
may be thought of as a building block for the Chern-Simons gauge theory. The free energy of the 
perturbative SO(N)/Sp(N) Chern-Simons gauge theories is given by the following term [7J 



F so/s P 



log ^(A, iV) 

N-2 oo 



2\2 



J 2 A 



J>1 



p=l 



Air 2 p 2 (N + a) 2 ' 



(39) 



for SO(N) a = — 1 and if ./V is even then the weight f(j) is given by [7] 



( (N+l-j) 

(N-l-j) 
2 

(N-j) 
2 



j odd j < N/2, 
j odd j > N/2, 
j even j < N/2, 
(Ar ~ J '~ 2) j even j > N/2. 



(40) 



It is a simple observation that the free energy in equation (I39p factorizes into two sectors one with 
coupling constant A, and the other with coupling constant —A as 



? so 



F so (X,N) + F ;: ' u (-X,N). 



so. 



(41) 



Although, this is a simple observation it has a deep consequences, to see this let us consider the 
first part of the free energy in the above equation [j, that is, 



F so (X,N) 



JA 



N-2 oo 

j>l p=l ^ 



JV-2 



oo 

E. 

1il=l 



-A 



2{N - 1)tt 



'C(m) 



??? 



(42) 



7 The following computations are similar to those of Sinha and Vafa [7j, see section four therein, however, here 
we will concentrate on one sector of the perturbative Cheren-simons free energy. 
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the sum over j gives 

N-2 N-2 , _ _ N/2-1 N/2-1 

i>i i>i j>i j>i 

then the free energy F so (X, N) may be written explicitly as 

m=l j=l v ; 

m=l j=l v ; 



If we let 
where 



F so (X, N) = F°{\, N) + F NO (X, N), 

m=l j=l 



Using the power sum formula 

JV-2 



one has 



i>i 0=1 v y / 



1) 



m+l— 2g 



2 m(m + l)(m + 2) \ 2ir / 

m=l x 

oo [m/2] , , . 

1 v-^ B 2a (m — 1) „ , / -A A 7 ™ » 

" 2£g(#(iT^) (1 - 29) (^T)) «•»)■ 

and letting m = 2g — 2 + n, we obtain 

F°(^)= 1 - ^ ^ + ? "xfff " 1} ^ fl (iV - l) 2 ^(^) 2g+n - 2 C(2 g - 2 + n), 

g>l,n>0 ^ g >-\ n >- 7F 

l-g-n<0 

this shows that 

F°(A, iV) = ± ^ X°(^ 5 ,n)(iV - l) 2 - 2 ^( A)2 9 +-2 C(25 _ 2 + n), 

g>0,n>0 
2-2g-n<0 

that is, F so (\, N), is the generating function for the orbifold Euler characteristic x°(^-g,n) 
by equation (jl]). We now move to compute the last term in equation (I44p . namely, 

oo N/2-1 

m=l j=l v ' 
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using the power sum formula 

N/2-1 



F N (X, N) takes the following form 



v ' 7 2^mm + l Ufi sv J 4^mm|l \2ii sv 7 

m=l m=l 

+ y y ( 2 ^- 1 - i)f— )V- i) 1 - 2 ^, (m " 1)! „cH 

7 V4vr/ v 7 (2 5 )! (m + 1 -2 5 )P V 7 



m=l g>l 

) [m/2] 



_ iy y (2^-1-1) fZ^r (i y_i)i-2 A c(m) , (52) 

2^^ K 7 V27r/ V 7 (2a (m + l-2a) SV 7 V 7 

m=l s>l lsn y; 

Now let m = 2g + n — 1, to obtain 

F»°(X,H) = £ (2^-l)(??±^B 29 ( W -l)-»(^) 29+ "- I C(2 a + „-l) 

">0,g>0 ^ y '' 

l-2g-n<0 



■n>0,g>0 V ; 

l-2g-n<0 



(53) 



This equation may also be written in terms of the orbifold Euler characteristic of the moduli space 
of the non-orientable Riemann surfaces, then the free energy F so (X, N), becomes 

F S °(X,N) = \ £ X °(M g , n )(N-lf-^(^y 9+n - 2 a2 9 + n-2) 

g>0,n>0 
2-2g-n<0 

- X NO Wg,n)(N-lY^{±) 29+n -\{2 g + n-l) 



9>0,n>0 
l-2g-n<0 



+ 2 X NO (m g , n )(N-l) 1 - 2 ^^-) 29+n ~ 1 C(2 g + n-l). (54) 

g>0,n>0 
l-2g-n<0 

This shows that the perturbative free energy of Chern-Simons gauge theory with coupling constant 
A, namely, F so (X, N), generates the virtual orbifold Euler characteristic of the moduli space of 
orientable and non-orientable Riemann surfaces for all genera g > with n punctures, i.e, x°(^g,n) 
and x NO {9Rg,n) respectively. This also, proves our proposition given in section [3l 
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5 The Continuum Limit of the Perturbative SO(N)/Sp(N) Chern- 
Simons Theory 



Having identified the Perturbative SO(N) Chern-Simons free energy with the deformed Orthogonal 
Penner model, we may use the latter to compute the continuum (double scaling) limit of the 
theory. In [6] it was noted that in order to obtain the continuum limit of the perturbative SU (N) 
Chern-Simons gauge theory one has to sum over all boundaries which is equivalent to sum over all 
punctures in the Penner model, here, we will follow the same procedure to find the continuum limit 
of the SO(N) Chern-Simons gauge theory. As the sum over all punctures of the deformed SO(N) 
Penner free energy was obtained in section [3J the continuum limit of the SO(N) Chern-Simons 
gauge theory is obtained by defining a new coupling constant u n given by v n = 2?r (^ Ar ) _ n ) j n 
the expressions for the free energy. Using equation (|20p for g = 0, one has 

f«V.A0 « E(-i)" +1 [t 1 °s"" + T 1 °^ + 5 ?]' < 55 > 

ngZ* 

where Z* is the set of all positive and negative integers. Similarly for higher genus g > 1 equation 
(|3QD, gives 

oo 

Fjg(A, JV) = £ £ x NO m 9 ,o)(-l) n ^. (56) 

g>l neZ* 

The SO(N) Chern-Simons coupling constant A is related to the level of Kac-Moody algebra k, 
by A = 

(k+N-2) > ^is s h° ws that A has a fundamental domain between and 2ir. Therefore, the 
natural critical double scaling limit would be 

A — > 2ir v\= finite. 

Using this limit and keeping only the non analytic terms in the total free energy, one has 

oo 

Therefore, including the orientable contributions to the SO{N) Chern-Simons gauge theory [6[ll2j. 
then the full continuum limit of the perturbative SO(N) Chern-Simons reads 

F SO (vi) = X l0gi/1 -2l l0gI/1 + T l0gZ/1 -2^ 

1 oo oo 

+ l(Y.X°W 9 M- 29 -2Y,X NO W 9 M- 29 )- (58) 
9>2 g>2 

It is interesting to note that this expression is equivalent to the continuum limit of the SO(N) 
Penner modejj when v\ is replaced with —\x [TT]. Simalrly, the continuum limit of the perturbative 
Sp(N) Chern-Simons gauge theory is 

F 5j >i) ^- log v x - ^- log v x - ^ log vi + 



4 ° 24 ° 4 ° 24i/i 

oo oo 

5 ( E X° (^.o)^ + 2 E X™ (^.oK 1 - 29 ) . (59) 



9>2 g>2 



8 Here, we use the same coupling constant that gives the continuum limit of the SU (N) Chern-Simons [T5] • 
9 This also appears in the SU(N) Chern-Simons gauge theory [6]. 
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In the next section we will compute logvol(G) for G = SO(2N + 1) and G = Sp(2N — 1) and 
show that the continuum limit of the perturbative SO(N) / Sp(N) Chern-Simons gauge theories 
are reproduced. 



6 The Gauge Group Volumes 

Ooguri and Vafa p] related log vol(G) for G = SO(2N + 1), and G = Sp(2N - 1) to the virtual 
Euler characteristic without punctures on the moduli space of orientable and non-orientable Rie- 
mann surfaces for genus g > 2. Here, we will give an alternative derivation for the asymptotic 
expansions of log(vol(S l O(2iV + 1))) and log(vol(5p(2A r — 1))) for all genera g > 0. It will be shown 
that the latter is related to the continuum limit of the perturbative SO(N)/Sp(N) Chern-Simons 
gauge theories given in the last section. We will also show that the volume of the gauge groups 
SO(2N), Sp(2N) are equivalent to the continuum limit of the SO(N) / Sp(N) Penner models |llj . 
The expression for vol{SO{2N + 1)) p], is given by0 

,ol(SO(2N + 1)) = (2jV _ 1)! ( (2A !_3 ) ,,„3 !ir (60) 

This may be written in terms of the Barnes function G 2 (z) I13j. defined by 

N-l 

G 2 (N + 1)= Y[(N-k)l, 

k=l 

to give 

vol(50(2iV + 1)) = + II (2N - 2k)l (61) 



Using the following identity 

N-l 



log Y[(2N-2k)\ = ilogG 2 (2iV + l)-log(2iV-l)!!, (62) 



k=l 



where (2N — 1)!! = ^=T(N + ^), then it is easy to show that 

log(vol(50(27V + 1))) - -1 logG 2 (2iV + 1) - l - lo g r(iV + 1), (63) 

note that we have discarded terms which do not give rise to singularities. In the large iV limit we 
may expand logT(A r + |), pj5] as follows 

i 00 B (-) 

logr(iV + -) - iViogAT + 2g (2g - i) (JV)1 " 2g ' (64) 

where B 2g {\) = {2 1 ' 29 - l)B 2g , therefore, the ab ove equation may be rewritten as 

logr(iV + 1) - iVlog2iV - f; B ^g-~1) ] {2N)l ~ 29 ■ (65) 



10 This formula may also be found in the work of L. K. Hua in his classic text book [18] 
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On the other hand, the large N expansion for logG2(2iV + 1) |13l I14j . is 

logG 2 (2AT + 1) - log2iV - 1 log2iV + £ ^ ( ^_ - (2iV) 2 ^. (66) 

Finally, the large N expansion for log(yol(SO(2N + 1))) to all genera reads 

log(vol(50(2JV + 1))) ^ -^2log2iV+^log2iV-^^log2iV+i(2iV)- 1 

_ y B 2g {2N) 2-2 9 y B 2g {2^-l) ,_ 2 

f^ 2 4g(2g-2y > ^ 4^-1) 17 V; 

this expression may be written using the orbifold Euler characteristic as follows 

- log(vol(50(2JV + 1))) = ^^-log2N -^log2N + ^^-\og2N -■^(2N)~ 1 

2^(2^)23-2 z 2^ (2JV) 2 *- 1 /" 



Similarly, the expression for — log(vol(<Sp(2iV — 1))), is 

-log(vol(5p(27V-l))) * ^l!i og 2Ar-llog(2iV)-^log2iV + l(2iV)- 1 

+ 2 \^ 2 (2N) 2 9-2 + 2 Z> (2AT)2 9 -i )■ ^> 



In obtaining the above equation we used the following relation [13] . 

(2A0 2 1 

log(vol(50(2iV + 1))) + log(vol(5p(2iV - 1))) + - Iog(2JV) 



V ^ • (70) 

^(2 5 )(2<7-2)(2iV)29-2 



Therefore, comparing the terms given by equations (|68j) and (|69|) with those of the continuum 
limits of the perturbative SO(N)/ Sp(N) Chern-Simons gauge theories given by equations (|58j) 
and ([59]) of the last section, we see that — log(vol(50(2iV + 1))) is equivalent to the continuum 
limit of the perturbative SO(N) Chern-Simons theory, when 2N is replaced by v\. We also 
have the equivalence between — log(vol(»Sp(2iV — 1))) and the continuum limit of the perturbative 
Sp(N) Chern-Simons gauge theory. This shows that the coefficients in the continuum limit of 
SO/Sp Chern-Simons gauge theories are exactly those of the nonperturbative contributions given 
by equations ([68]) and ([69]) . respectively, up to regular terms. Similar results for higher genus 
contributions to the log(vol(S'0(2A r + 1))) may be found in [13] , where the authors used different 
approach to obtain the expression for log(vol(S'0(2iV + 1))). However, a factor of +2 should be 
inserted in front of the expression of the Euler characteristic of the moduli space of genus g with a 
single cross cap instead of minus one, see equation (4.31) in [13] and equation ([65]) above. Ogouri 
and Vafa [13], related the volume of U(N) to the orbifold Euler characteristic x(^g,o) of the 
moduli space of genus g Riemann surfaces as 

- log(vol(C/(iV))) = ^ logiV - 1 logiV + £ (71) 

9>2 
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Note that, this equation is equivalent to the continuum limit of the Penner model j20tll5|. provided 
one sets N = fj,. Here, it will be shown that the volume of the gauge groups SO(2N), Sp(2N) are 
equivalent to the continuum limit of the SO(N) and Sp(N) Penner models respectively [11] . the 
volume of the gauge groups SO(2N), Sp(2N) are given by [HI [18] 

v„l(SO(2A0) - ^ )N ' 



(2N - 3)\{2N - 5)! • • • 3!l!(7V - 1)! ' 



2~ n (2tt) n +N 

VOl{S " (2N » - (2^-1)1(2^-3)!... 311! ' (72) 
then it is not difficult to show that 

log(vol(50(2iV))) - log(vol(5p(2iV))) lo g r(iV + ±), (73) 

and 

log(vol(50(2JV))) + log(vol(5p(2iV))) = - logG 2 (2iV + 1), (74) 

as a result one has 

- log(vol(5O(2A0)) = ^logG 2 (2iV + l)-ilogr(iV + l/2) 



- (2N f log 2N - — log 2N - log 2N + 



Similarly, 



4 V ' ° 24 ° 4 ° 24(2iV) 

1 v / X°(g>T g ,o) 2 X NO W 9 ,o) \ m , 

2 j^\{2N) 2 9^ ^ (2iV) 2 fl- 1 /" { ' 



log(vol(Sp(2iV))) l -\ogG 2 {2N + \)+ l -\ogT{N + ^) 

1/ xo 1 (2A0 

= -(2iV) 2 log2iV - — log2iV + ^— -log2iV 



4 V ; to 24 b 4 b 24(2iV) 

+ 2 ^A(2iV) 2 s- 2 (2JV) 2 *- 1 /' ^ J 

If we let 2N = //, then - log(vol(50(2JV))), log(vol(5p(2JV))) are the continuum limit of the 
SO(2N) and Sp(N) Penner models respectively [TT], see equation §§§ in this paper. 



7 Discussion 

In this paper we have related the SO/Sp Chern-Simons gauge theories at large N to the SO/Sp 
Penner models through deformed SO/Sp Penner generation functions by construction. This con- 
struction is then proved to be correct using a sector in the perturbative SO(N) Chern-Simons 
free energy F so (X, N), with coupling constant A, also it was shown that the latter generates the 
virtual orbifold Euler characteristic of the moduli space of orientable and non-orientable Riemann 
surfaces of genus g with n punctures. However, there is no restriction on the number of punctures 
unlike the SO(N) Chern Simons gauge theory puts restrictions on the number of punctures. This 
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connection enables us to think of the perturbative SO(N)/Sp(N) Chern-Simons gauge theory as 
two deformed SO(N) Penner models of opposite coupling constants summed over all instantons. 
On the other hand, when summing over all punctures we end up with the perturbative SO(N) 
Chern-Simons free energy written in terms of the orbifold Euler characteristic without punctures, 
since we used the free energy of Penner model which is known when summed over all punctures 
one obtains a free energy that contains the virtual Euler characteristic without punctures. Also 
in this paper we clarified the disappearance of the contribution from constant maps in the non- 
orientable part of the perturbative SO(N) Chern-Simons free energy, through the Penner model. 
Both the free energy and the continuum limit in the SO/Sp Chern-Simons gauge theories were 
obtained using the SO/Sp Penner models. This is an extension to the work of Das and Gomez 
|12j . Also, it was shown that the asymptotic expansions of log(vol(G)) where G = SO(2N + 1), 
G = Sp(2N — 1) are equivalent to the continuum limit of the perturbative SO/Sp Chern-Simons 
gauge theories respectively. However, when G = SO(2N), G = Sp(2N), the asymptotic expan- 
sions of the logarithm of the gauge groups are equivalent to continuum limit of the SO / Sp Penner 
models. Our computation of the asymptotic expansion for log(vol(S'0(2A^ + 1)) is different from 
that of Ooguri and Vafa |13| . and the result contains all genera. Comparing the two free energies 
of SO(N)/Sp(N) Penner models and SO(N)/Sp(N) Chern-Simons gauge theories it is clear that 
both have the same structure namely 



where the first term corresponds to half of the SU (N) contribution, while, the second term is the 
non-orient able contribution. It was shown that the universal behavior of the topological partition 
function of the topological field theory (the Kodaira-Spencer theory) of the Calabi-Yau threefold 
near a conifold singularity was given by the free energy of the Penner model in the continuum limit 
\21\ . Also it was shown that this topological partition function reduces to Chern-Simons theory 
on iS* 3 |22j . From this work, it is clear that the behavior of the continuum limit of both SO/SP 
Chern-Simons and SO/Sp Penner free energies are equivalent, Therefore, the topological partition 
function on the quotient of the resolved conifold by involution is given by the SO/Sp Penner free 
energy. This connection, however, needs both physical and mathematical explanation. 
Next we will make some remarks on the relations between different gauge group volumes appeared 
in this paper, and the connection of these volumes with the generating function log n^odd (1+7^) 5 
for x N ° (9Rgn) identified in From the formulae for vol(SO(2N + 1)) and vol(Sp(2N)), given 
by equations (160 j) . and (172j) . it follows that their asymptotic expansions should be the same, see 
equations (JBH} and £76]). Similarly - log(vol(5p(2A r - 1))) and - log(vol(50(2JV))), have the 
same asymptotic expansions see equations (]69j) and (1T5|) . This equivalence should follow from the 
volume of the gauge groups G = Sp(2N - 1) and G = SO(2N), to that end let A r — » A r — i, in 
the expression for vol(Sp(2N)), to give 



F SO/Sp = p o F 



,NO 



(77) 



JV-l 



1 



vo\{Sp{2N 



1)) 



n 



(2iV - 2k)V 



(78) 



k=l 



On the other hand, one can show that 



N-l 



(2N - 2k)\ 
G 2 (2N + 1) 



vol(SO(2JV)) 



n 



(79) 



k=l 



and from equation (|62"j) . it follows that 




(80) 
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hence the equivalence of the vol(50(2A r )) and vo\(Sp(2N — 1)). From equation (|73j) it is seen that 



that is, =F \ log ( v °^?^S>nS\ ) generates the non-orientable contributions to the free energy of the 



"2 1U &\^ vol(5p(2iV)) y 

SO/Sp Penner models in the continuum limit. On the other hand, it is well known from Penner 
model that differentiating the free energy in the continuum limits n times with respect to the 
continuum variable /i brings back the punctures to the Riemann surface [2Q|, 115] . Hence , dif- 
ferentiating equation (|8ip n times with respect to 2N will produce a generating function for the 
orbifold Euler characteristic of the moduli space of non-orientable Riemann surfaces of genus g 
with n punctures. 
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